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The results of this paper clarify and extend slightly the previous work of Dolecki 
and Lechicki (C. R. Acad. Sci. Paris 293 (1981) 219-221; J. Math. Anal. Appl. 88 
(1982), 547-584) and Hansell, Jayne, Rogers and the author (Math. Z. 189 (1985), 
297-318). Let X, Y be Hausdorff spaces and F: X + Y an upper semicontinuous set- 
valued map. A subset K of F(x) is said to be a peak of Fat x, if, for every open set 
V containing K, there exists a neighbourhood Ii of x such that F( U)\F(x) c V. 
Criteria (“Choquet-Dolecki Theorems”) are given in order that F has the smallest 
possible peak. It turns out that in unexpectedly general situations an upper 
semicontinuous map F has, for every .x in X, a peak which is the smallest possible 
at x and moreover compact. (” 1987 Academic Press, Inc. 
1. THE RESULTS 
Let X, Y be Hausdorff spaces, and let F: X-t Y be a set-valued map. In 
what follows the term “map” means always such a set-valued map. 
A cap (of upper semicontinuity) of Fat x0 is a set K in Y such that the 
map F is upper semicontinuous at a point x0 when K replaces F(xO), i.e., 
when the map 
F(x) = 
1 
K for x=x0 
J-(x) otherwise 
is upper semicontinuous at x,,. The cap K is proper if K is contained in 
F(xo). 
Recall that a map F is upper semicontinuous at x0 (USC at x0), if, for 
every open set V containing F(x,), there exists a neighbourhood U of x,, 
such that 
F(U) := u (F(x): x E U} c V, (1.1) 
F is upper semicontinuous (USC), if it is USC at x for every x in X. 
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The upper limit, Ls F(x,), of F at x0 is defined by the formula 
Lsf’(xo)= f-j F(cl{xo)). (1.2) 
116 4/(q) 
Here, and in what follows, “-” denotes the closure operation in Y, and 
@(x0) denotes a base of the neighbourhoods for x0. 
Define also the following “cluster sets” of F at x,,, 
wvxol)= iYE y: 3 X,fXo,X,‘Xo&Ya~F(x,),Yg(~Yy)~ 
where (?,) denote nets over the same directed set A, and 
Of course, if F is USC at x0 then F(x,) is its (trivial) proper cap; further, 
we have (cf. [7]): 
PROPOSITION 1. Suppose that F admits a compact cap of F at x0. Then 
Ls F(x,) = C(F\(x,}) is the smallest compact cap of F at x0. 
The outer part of F at x0 is the map x H F(x)\F(x,), and we define a set 
K in Y to be a peak of F at x0 whenever K is a cap of the outer part of F at 
x0 and K is contained in F(x,).’ In other words, a set Kc F(x,) is a peak of 
Fat x0 $ for every open set V containing K, there exists U E %(x0) such that 
4 V\F(xo) = V. (1.3) 
Let us still note that if F admits a peak at x0, then it is automatically USC 
at x0 and, if F is USC at x0, then F(x,) itself is a (trivial) peak for F at x0. 
The active frontier, Frac F(x,), is the upper limit of the outer part of F at 
x0, i.e., 
Frac F(x,) = (7 F( U)\F(x,) (1.4) 
Ut,&(xo) 
and now the following cluster sets are considered: 
C(fV(xo)) = {Y E y: 3 x, -, -'co & Y, ~J;(x,)\F(xo), Y, + Y>, 
4fV’(xoN = WWxo)) n F(xo). 
Proposition 1 applied to the outer part of F at x0 gives 
PROPOSITION 2. Suppose that F admits a compact peak of F at x0. Then 
Frac F(x,) is compact, and is the smallest closed peak of F at x0. 
’ So that we may think, loosely, that K is a peak of a cap 
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It cannot be emphasized too strongly that, in the above, the existence of 
a compact peak has been assumed. However, already in 1948 Choquet [l, 
p. 701 stated the following striking theorem: A map F between metric spaces 
that is USC at x admits a compact peak at x. Here a compact peak positively 
appears as a consequence of upper semicontinuity alone! Curiously 
enough, Choquet considers-at that time- the result as a negative one in 
the sense that it is so strong that it makes the notion of upper semicon- 
tinuity uninteresting. This is the reason, perhaps, why he did not even 
bother to give the proof of his discovery. 
In 1977 Dolecki [2, 31 introduces the notion of the active frontier and 
shows that, if F is USC at x, x is afirst countable point in X (i.e., has a coun- 
table neighbourhood base), and Y is a metric space, then Frac F(x) is a 
compact set. He shows with Rolewicz [6, Lemma 21 that, under these 
assumptions, Frac F(x) c F(x) and, finally, in the papers [4, 51 written 
with Lechicki, he notes the connection with the Vainstein lemma (see also 
[lo]) and the above formulated theorem of Choquet, by proving the 
following [ 5, 4.11: 
THEOREM (Choquet-Dolecki Theorem). Let x be a first countable point 
in X and Y a metric space. Zf F is a map that is USC at x, then Frac F(x) is 
compact and, moreover, is the smallest peak of F at x. 
Recently the notion of the active frontier has been successfully applied in 
a series of papers by Jayne and Rogers [ 10, 111, and Hansell, Jayne, 
Rogers, and the author [9]. Specifically, in [9] an attack on the com- 
pactness of the active frontier, under weak assumptions about X, Y, and F, 
has been launched. However, in all those papers, as opposed to the work 
by Dolecki and Lechicki, the “peak property” of the active frontier has not 
been, so to say, given the right place. It begins to look now as if the notion 
of peak might be more important than that of active frontier. 
It is our aim in this paper to give possibly general versions of the 
ChoquettDolecki Theorem clarifying and slightly improving upon the 
results in [S, 91. To take our discussion further, we shall need the following 
“sequential cluster sets” of F at x0 (compare with c(F\F(x,)) above), 
WWxo)) = {Y E f’(xo): 3 xn + xo & Y, ~J’(xn)\J’t’(xo), Y, + Y>> 
UF\Wo)) = {YE @,I: 3 xn -*x0 &Y, ~Wn)\F(xo, .vn -v>. 
Here (?,) are sequences and y, - y means that y is a cluster point of the 
sequence (y,) [12]. 
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A Hausdorff space Y is said to have (or to be a space with) countahly 
determined compactness, iff it satisfies the following condition: 
(C,) Any relatively countably compact subset of Y is relatively com- 
pact. 
Such a space is angelic [14], if, moreover, it has sequentially determined 
closure for relatively compact sets: 
(A,) Given a relatively compact subset K in Y, if y E K/K then there 
exists a sequence (y,,) in K converging to y. 
Already the class of angelic spaces is large (see a discussion in [9]) and 
contains Banach spaces equipped with their weak topology. One obvious 
class, which will be of importance for us, of spaces satisfying the axiom 
(C,) and not necessarily angelic is provided by the dual Banach spaces 
with their weak* topology (a relatively countably weak* compact set, 
being bounded, is contained in a ball which is weak* compact by the 
AlaogluBanach Theorem). More generally, it is easy to see that all 
Dieudonne complete spaces satisfy (C r ). 
It has been shown in [9, Theorem 1, Lemma 41 that, if x is a first coun- 
table point in X, F is USC at x, and Y is angelic, then Frac F(x) = 
h”(F\F(x)), is compact, and is the smallest closed peak of F at x. The first 
theorem improves slighty upon this result. 
THEOREM 1. Let x be a first countable point in X, Y an angelic space, 
and F USC at x. Then 
Frac F(x) = ?‘(F\F(x)), 
is compact, and is the smallest peak of F at x. 
In more general range spaces things are less pleasant. The main result 
seems to be as follows. 
THEOREM 2. Let x be a first countable point in X, Y a space with coun- 
tably determined compactness. Then b”(F\F(x)) is a relatively compact peak 
of F at x. If, moreover, relatively compuct subsets are relatively sequentially 
compact in Y, then 
c”(F\F(x)) 
is (relatively compact and) the smallest peak of F at x. 
Now, given an upper semicontinuous set-valued map F from X into Y 
with suitable global assumptions about X, Y, and F, the above two 
theorems imply that F contains an associated “smallest peak map” 
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xw c”(F\F(x)). This is a relatively compact-valued or even compact- 
valued map but it must no longer be upper semicontinuous (see [9, Sect. 5, 
“The Headless Man”]). The special points of this map are those at which it 
takes the empty set as its value. 
A point x,, in X at which F admits the empty set fzr as its peak is called a 
stationary point [IS] of F. By (1.3) it is visible, as @ is an open set contain- 
ing itself, that x,, is a stationary point of F zff there exists U E %(x0) such 
that 
F( U) c F( x,,). (1.5) 
This explains the choice of the term “stationary.” 
The topological structure of the set S of all those stationary points in X 
is closely “tied up” to the map F. When X is a metric space we have the 
following theorem, essentially contained already in Jayne and Rogers [ 10, 
Lemma 31. 
Recall that a famil’y of sets in a space is said to be discrete, if each point 
of the space has a neighbourhood that meets at most one set of the family, 
and that a family {Qa}aGA is said to be discretely o-decomposable, if, for 
each a in A, we have 
Qz = 6 Qk") 
n=l 
and the family (Qr)}xEA is discrete for each n E N. 
THEOREM 3. Let X be a metric space and let F be a USC map. The sets of 
constancy of the restriction of F to the set S of all stationary points of F, i.e., 
the (maximal) subsets of S on which F takes a particular set as its value, 
form a disjoint family, that is discretely o-decomposable in the completion 8 
of X, the sets qf the family being F,-sets in X with union S, 
In particular, it follows easily that S is an F,-set in X. 
We finish by remarking that, if Y is a dual Banach space with the 
Radon-Nikodym property and F, from a metric space into Y with its 
weak* topology, is USC, then the map F-in view of Theorem 2 and a result 
of Hagler and Johnson [8]-admits the “smallest peak map” 
x H P(F\F(x)). 
2. THE PROOFS 
In what follows X, Y are Hausdorff spaces and F is a map from X into Y. 
The key lemma is implicit in [9, Lemma 21: 
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LEMMA 1. Let F be USC at x0. Suppose that x, --+x0 and y, E 
F(x,)\F(x,), n E N. Then the sequence (y,) has a cluster point in F(x,) and 
the set { y, : n E N } is relatively countably compact in Y. 
This lemma will be applied several times. The fundamental fact here is 
that no condition on F(x) has to be imposed. 
LEMMA 2. Let F be USC at x0. Suppose that c”(F\F(x,)) is a peak of F at 
x0. Then it is the smallest one. 
Let L be another peak of F at x0 and suppose, to the contrary, that there 
exists y in c”(F\F(x,)) that is not in L. We have x, +x0 and 
Y, E F(xcJ\F(xoh Y, -+ Y, by the definition of c”(F\F(x,)). Applying 
Lemma 1 to the outer part H = F\F(x,) with H(x,) replaced by its cap L, 
we find that (y,) must have a cluster point in L. This is impossible as 
Y,, +YeL. 
Proof of Theorem 1. By Lemma 2 and the quoted results in [9], it suf- 
fices to show that, if Y is angelic, then 
WV’~xo)) = c”UV(x,)). 
However, if YE b”(F\F(x,)) then, by Lemma 1, there exists a relatively 
countably compact whence relatively compact (by the axiom (C,)) set 
{ y,} such that y E(Y~) By the axiom (A,) we find (y,,) such that y,, + y. 
Since (x,,) still converges to x0, this means precisely that y E c”(F\F(x,)). 
The following is Lemma 4 from [9]. 
LEMMA 3. Let x0 be a first countable point in X and let F be USC at x0. 
Then b”(F\F(x,)) is a peak of F at x0. 
LEMMA 4. Let x0 be a first countable point in X, Y a space in which 
relatively countably compact sets are relatively sequentially compact, and F 
USC at x0. Then c”(F\F(xO)) is a peak ofF at x0. 
Suppose the contrary, i.e., that c”(F\F(x,)) is not a cap of the outer part 
F\F(x,). Thus, there exists an open set V containing c”(F\F(x,)) and also, 
by using the countable neighbourhood base of x0, a sequence (x,) converg- 
ing to x0, and y, EF(x,)\F(x~) such that y, I$ V. By Lemma 1, {y,,} is 
relatively countably compact, whence relatively sequentially compact, sub- 
set in Y. Consequently, for some subsequence (y,,), y,, converge to some 
element, say y, of Y. Clearly, y$ V. On the other hand, since x,, -+x0, 
y E c”(qF(x,)). We have obtained a contradiction. 
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Proof of Theorem 2. The “moreover statement” of the theorem is clear 
by Lemmas 2 and 4. To see the first part, it has to be shown-in view of 
Lemma &that b”(F\F(x,)) is a relatively compact subset of Y. To this 
end we shall use an argument, which is a slight modification of the one 
used in [9, Lemma 71. 
Let (k;) be a sequence of distinct points in b”(F\F(x,)). For each in N; 
find a sequence (xi: Jo N) such that xf + x0 (j + co), and a sequence 
(yj:j~ N) such that Y;EF(x;)\F(.x,,) and ~j-k’ (i.e., kj is a cluster point of 
the sequence ($ j E N )). 
Fix a base U, I U, I> ... for the neighbourhoods of x0. For each i= n, 
it is possible to find j, so large that: 
{x;}/“= j” c u, 
To simplify notation, assume that (xj: Jo N) has been chosen in that way 
from the very beginning. Rearrange these sequences, e.g., by the Cantor 
procedure, into a new single sequence, say (x,). Then x, +x0, 
Yn Em,)\F(-%J, {k: iE w  = {Yn: n E N }, where (y,) is the sequence of 
y’s corresponding to (x,). Observe that, by Lemma I and the axiom (C,), 
( y,: n E N } is a compact set. Thus (ki) has a cluster point and, con- 
sequently b”(F\F(x,)) is relatively countably compact. It is relatively com- 
pact by another application of (C,). 
3. COMMENTS TO THEOREM 2 
There are a few additional conditions on the map For space Y that may 
be discussed in connection with Theorem 2. 
Following [9], where it is studied in a greater detail, the G,-topology of 
Y is the one for which the original G,-subsets of Y are declared to be basic 
open sets. 
LEMMA 6. Let x,, be first countable point in X, Y a regular space, F USC 
at x0 and suppose that F(x,) is closed in the G,-topo1og.y of Y. Then 
Frac F(xO) is the smallest peak of F at x0 which is closed in the G,-topology 
of Y (in particular Frac F(x,) is contained in F(x,)). 
Since b”(F\F(x,)) c Frac F(x,), by Lemma 3, Frac F(x,) is certainly a 
closed cap of the outer part G = F\F(x,) of F at x0. As G admits F(x,) as 
its cap, it suffices to show that Frac F(x,) is the smallest G,-closed cap of 
G. To this end, let L be a cap of G that is G,-closed and consider the map 
G with G(x,) taken to be L. We have to show that Frac F(;(xO)c G(x,). 
Suppose, to the contrary, that there exists y in Frac E’(‘(xO) but not in G(x,). 
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Then y belongs to a basic G,-set in Y disjoint with Gjx,). So we can 
choose a decreasing sequence (0,) of open sets in Y with 
.lJE fj 0, and G(x,)n fi 0, = 0 
,I= I II = I 
By the regularity of Y, we find a decreasing sequence (H,) of closed 
neighbourhoods of y in Y such that H, c O,, n E N, and set H = n:=, H,. 
Suppose first that for some n E N and UE %(x0) 
CF( ~)\~~xo)l n Hn = 0. (2.3) 
Then y $ F( U)\F(x,) in contradiction with the choice of y. Thus (2.3) does 
not hold, and, by using the countable neighbourhood base at x0, it is 
possible to find 
x,, -+ x0, Yn E m,*)\w,)~ Y, EH,. (2.4) 
As G is USC at x,,, by Lemma 1, (y,) has a cluster point w  in G(x,) = L. On 
the other hand, as (H,) is decreasing, w  E H. Hence H n L is nonempty: a 
contradiction. 
COROLLARY 1. Let x0 be a first countable point in X, Y a regular space 
with countably determined compactness, and F USC at x0. Suppose that F(x,) 
is closed in the G,-topology of Y. Then Frac F(xO) is a compact peak of F at 
xc,. Moreover, it is the smallest peak of F at x0 that is closed in the 
G,-topology qf Y. 
Corollary 1 is a common generalisation of [IS, 4.1 and 5.11 that has been 
sought for by Dolecki and Lechicki. To see that the corollary does indeed 
cover [S, 4.11 note that, if Y is first countable, then the condition of being 
G,-closed is an empty one. In fact, then the G,-topology of Y is precisely 
its discrete topology (since any point, being a G,-set, is open). The 
corollary is also an improvement of [9, Theorem 21, in the first countable 
point situation (we do not know whether Frac F(x) is a peak in [9, 
Theorem 21). However, the latter result is not completely subsumed as it 
holds in a q-point case. 
Let Y be a Hausdorff space with countably determined compactness. 
Instead of the axiom (A ,), we may postulate somewhat weaker requirement 
that Y have countably determined closure for relatively compact sets, (AZ): 
Given a relatively compact subset K in Y, if y E &i,K, then there exists a 
sequence (y,?) in K such that y is a cluster point of (y,). 
The following lemma is contained in [7]. 
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LEMMA 7. Let x0 be a first countable point in X, and let F be USC at x0. 
Suppose that Y is a space satisfying the conditions (C,) and (AZ). Then the 
set 
B”(F\F(x,)) = {y E Y: 3 x,, --) x0 & Yn E flx,)\moL Yn - Y) 
is compact. 
COROLLARY 2. Let x0 be a first countable point in X, Y a regular space 
satisfying (C,) and (A,), F USC at x0. Suppose that F(xO) is closed in the 
G,-topology of Y. Then 
Frac F(x,) = b”(F\F(x,)) 
is a compact peak of F at x0. Moreover, it is the smallest peak of F at x0 
that is closed in the G,-topology of Y. 
Remark. Suppose that we investigate USC maps taking their values in a 
dual Banach space equipped with its weak* topology. Then Theorem 2 
directs our attention to those duals whose unit ball is weak* sequentially 
compact. As mentioned in Section 1, the result of Hagler and Johnson 
characterises such duals. On the other hand, Corollary 2 indicates another 
class of interest: duals with countably determined closure for relatively 
weak* compact sets. We do not even know whether this class has ever been 
under scrutiny. It may, however, be noted that if we replace compact by 
convex compact sets in the defining condition, then we obtain the duals to 
the (relatively) well-known class of Banach spaces. Namely, the duals of 
Banach spaces satisfying the so-called condition (C) (for Corson, see [ 13)). 
Unfortunately, the convexity assumption does not make much sense in 
our situation. 
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